Turbo generator shafts are often subjected to cyclic torsion resulting in formation of large longitudinal cracks as well as circumferential cracks. The presence of these cracks could greatly impact the shaft resonance frequencies. In this paper, dynamic response of a shaft with longitudinal and circumferential cracks is investigated through a comprehensive analytical study. The longitudinally cracked section of the shaft was modeled as an uncracked shaft with reduced torsional rigidity. Torsional rigidity correction factor (i.e., the ratio of torsional rigidity of the cracked shaft to that of the uncracked shaft) was obtained from finite element analysis and was shown to be only a function of crack depth to the shaft radius. The resonance frequency and frictional energy loss of a shaft with a longitudinal crack were found little affected by the presence of the crack as long as the crack depth was less than 20% of the shaft radius even if the entire shaft is cracked longitudinally. Moreover, we showed that the longitudinal crack location could be more conveniently identified by monitoring the slope of the torsional response along the shaft. The circumferential crack was modeled as a torsional spring with a torsional damping. The torsion spring and damping constants were obtained using fracture mechanics. For a shaft with both a longitudinal crack and a circumferential crack, the resonance frequency was governed by the longitudinal crack when the circumferential crack depth was less than 30% of the shaft radius.
Introduction
Since turbine rotor failures at Southern California Edison's Mohave station in 1970 and 1971, preventing such a failure has received a significant attention. In order to prevent shaft failure, both dynamic response of the shaft due to the disturbance in electrical line and subsequent fatigue crack initiation and propagation must be investigated. Electrical lines disturbance subjects the turbo generator shafts to a cyclic torsion with large amplitudes often causing a plastic deformation. It has been observed that such a phenomena causes formation of large longitudinal cracks along the shaft axis which constitutes its weak planes due to alignment of inclusions along the shaft axis when it is manufactured by extrusion. Circumferential cracks are also initiated in these shafts, Fig. 1 . However, their growth rate is significantly lower than the longitudinal cracks due to the formation of a complex fracture surface. Dimarogonas and Massouros first studied the effects of circumferential cracks on the torsional dynamic response of shafts [1, 2] . They modeled cracked shaft as two solid shafts connected in the cracked region with a linear torsional spring. The local flexibility matrix of the shaft due to the presence of the crack was computed using energy release rates concept. Papadopoulos and Dimarogonas extended the work to show the coupling of longitudinal and bending vibrations of a rotating shaft with a transverse surface crack which formed a basis for crack detection [3] . It is worth noting that they considered only transverse thumb nail cracks; however, in this paper, we investigated dynamic response of a shaft with the presence of both longitudinal and circumferential cracks. Chondros et al. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] studied the bending and torsional vibrations of circumferentially cracked shafts. They derived the equations of motion using Hu-Washizu-Barr variational formulation. Fracture mechanics was used to model the crack as a continuous flexibility, and Rayleigh quotient was used to approximate the natural frequencies of the cracked rod. All the above studies show that the resonance frequencies of a shaft are significantly changed with the presence of such cracks in the shaft which allows for detection of crack and estimation of its location [5, 11, [13] [14] [15] [16] [17] [18] . In addition, Shih and Chung studied the vibrations of a flexible connecting rod with the breathing crack in a slidercrank mechanism and observed a similar pattern of changing resonance frequencies [19] .
Crack surface interactions play an important role in determining the torsional dynamic response of shafts. Breathing crack theory has been developed to quantify the effect of frictional energy loss on the shaft resonance frequencies [1, 13] . Nayeb-Hashemi et al. [20] [21] [22] [23] [24] , studied mode III crack growth behavior in commercial rotor steel. They observed that in contrast to the circumferential crack growth which results in a complex fracture surface resembling factory roof, longitudinal cracks form a smooth fracture surface. Crack surface interactions in the circumferential crack growth reduce the effective stress intensity factor at the crack tip. This reduction in the stress intensity factor is almost absent in the longitudinal crack, due to much smoother crack surfaces. Vaziri and Hashemi [25] [26] [27] in a series of investigations studied the dynamic response of shafts with circumferential cracks considering the complexity of the cracked surfaces. They investigated the effect of crack surface morphology (factory roof, pitch height and wave length) on the effective stress intensity factor and energy loss and showed the effective stress intensity factor depends on the applied stress intensity factor and fracture surface morphologies. The crack surface interactions diminish at high applied stress intensity factors. They also derived the loss factor associated with interaction of crack surfaces and crack tip cyclic plasticity. They illustrated for small applied stress intensity factors crack surface interactions dominates the energy loss and for high applied stress intensity factors plasticity dominates the energy loss. Their results show that the natural frequency of the circumferentially cracked shafts decreases with the length of the crack; however, if the cracked surface interaction is severe, the natural frequency approaches to that of uncracked shafts.
Although there are substantial investigations on the effects of circumferential cracks on the torsional dynamic response of the shafts, it seems that the literature lacks a comprehensive investigation on the effects of longitudinal cracks and their interaction with the circumferential cracks. This paper addresses the vibrational characteristics of shafts with longitudinal cracks as well as circumferential cracks. The results presented here indicate that dynamic response of a shaft could be significantly compromised with the presence of the longitudinal cracks. In Sec. 2, the theoretical method to model longitudinal and circumferential cracks is described, equations of motion of different segments of the shaft are derived, and corresponding boundary conditions are specified. In Sec. 3, dynamic response of a shaft with a longitudinal crack only and then a shaft with a circumferential crack only and finally a shaft with both longitudinal and circumferential cracks are discussed using the results from a comprehensive analytic parametric study.
Theoretical and Numerical Investigations
A shaft with a longitudinal crack is modeled as an uncracked shaft with the same radius but with reduced torsional rigidity. A shaft with a circumferential crack is modeled as two solid shafts connected by a torsional spring and a torsional damper at the crack location. In Sec. 2, the equations of motion of a shaft with longitudinal and circumferential cracks under cyclic torsion are derived and corresponding boundary conditions are specified.
Torsional Rigidity of a Shaft With a Longitudinal
Crack. Torsional rigidity of a shaft with a longitudinal crack with various crack depths was obtained by finite element analysis using ABAQUS finite element code. Figure 2 (a) shows typical shaft geometry and its boundary conditions. The shaft was fixed at one end and attached to a rigid plate at the other end which prevents the warping of its cross section. The rigid plate was subjected to torsion while its rotation was monitored. Singular crack tip elements were used to simulate crack tip singularity. Optimum mesh size was obtained by mesh refinements. The analysis was performed for various shaft radius R and crack depth C L . The torsional rigidity of the cracked shaft is obtained from
where T is the applied torque, GJ * is the torsional rigidity of the cracked shaft, and dh=dx is the rotation gradient along the shaft. The torsional rigidity of the cracked shaft is related to the torsional rigidity of the uncracked shaft by defining
where GJ is the torsional rigidity of the uncracked shaft (G is the shear modulus and J is the area polar moment of inertia) and f is the correction factor. Here we assumed crack surface interaction is very small, thus it will not affect the shaft torsional rigidity. The shaft torsional rigidity is thus reduced with the presence of the longitudinal crack. Figure 2 (b) shows the correction factor f is independent of the shaft radius and is only a function of longitudinal crack depth to the shaft radius, C L /R. Using the curve fitting technique, the torsional rigidity correction factor is expressed as
In order to analyze the torsional vibrations of a shaft with a longitudinal crack, the cracked shaft is modeled as an equivalent uncracked shaft with the same radius and reduced torsional rigidity of GJ Â f , Fig. 2 (b).
Frictional Energy Loss Between Longitudinally Cracked Surfaces and Evaluation of the Corresponding Loss
Factor. The effect of energy loss due to the crack surface interactions is taken into account by considering shear modulus as a complex number, Gð1 þ ig L Þ, where g L is the loss factor associated with the crack surface interactions. The shear displacement along the crack at each cross section is presented by Broberg [5, 28] as 
As shown in Fig. 3 , y is the distance from outer surface, C L is the crack depth, G is the shear modulus of the shaft, and k III is the applied mode III stress intensity factor which is given as [28] 
Here, dh=dx is the rotation gradient along the shaft and
Substituting Eq. (5) into Eq. (4) results in
The interaction of asperities between the mutual crack surfaces creates shear stress along the cracked surfaces. By assuming a constant shear stress profile between cracked surfaces such as s ¼ as Y where s Y is the material shear strength and a is a constant, the frictional energy loss per unit length of the shaft in a cycle can be evaluated from
The energy loss in a cycle can be found from Eqs. (7) and (8) is presented as
The potential energy per unit length of the shaft is obtained as
The loss factor is defined as the ratio of energy loss per maximum potential energy of the structure in each cycle
Substituting Eqs. (9) and (10) into Eq. (11) yields
Using the shaft torsion constitutive equations, the loss factor is presented as
Here, T Y is the minimum torque required to initiate yielding in the uncracked shaft. Figure 3 shows the loss factor as a function of C L =R. Energy loss for crack depths less than 20% of the shaft radius is very small even with a significant friction ða ¼ 0:9Þ between crack surfaces.
Circumferential Crack
Modeling. In order to evaluate the torsional dynamic response of a shaft with a circumferential crack, the shaft is divided into two segments connected by a torsion spring and a torsion damping, Fig. 4(a) . The torsional stiffness and damping constants of the spring are evaluated by considering the energy loss at the crack region due to the cyclic plastic deformation at the crack tip and the frictional energy loss due to the crack surface interactions using fracture mechanics. The details of this analysis are presented in Refs. [25, 26] .
The torsion spring is defined as
Here, K t is the torsional stiffness and g c is the circumferential crack loss factor. The torsional stiffness K t is obtained from (16) and c ¼ R C =R where R C is the distance from the shaft center to crack tip in the cracked section, Fig. 4(a) . Crack surface interactions of circumferential cracks are relatively more pronounced than those of longitudinal cracks. Therefore, it is expected that energy loss factor of the circumferential crack to be greater than that of the longitudinal crack. Fig. 4(b) and their corresponding boundary conditions.
Dynamic
The equation of motion for the uncracked section can be presented as
Here, G and q are the shear modulus and density and h is the shaft cross section rotation. The equation of motion for the shaft with a longitudinal crack is presented as
The steady state cross section rotation h n ðx; tÞ corresponding to each segment when the shaft is subjected to harmonic torsional loading is in the form of
Here, subscript n refers to the segment number. Two nondimensionalized parameters are introduced as
Using these nondimensionalized parameters, the equation of motion of each uncracked segment of the shaft can be presented as
While the equation of motion for longitudinal cracked section can be presented as
Solution of Eqs. (22) and (23) is in the form of h n ðeÞ ¼ Re
where S n1 and S n2 are the roots of the characteristic equation for each of the Eqs. (22) and (23) and A nm are constants obtained from the boundary conditions of each segment shown in Fig. 4(b) which are in the following form:
at e 1 ¼ 0; 
Here, Tðe; tÞ is related to hðe; tÞ using Eq. (1). If circumferential crack is located before or after the longitudinal crack, the above boundary conditions should be adjusted accordingly. Table 1 show the shaft geometry and material properties used in this study. First, the effects of the presence of longitudinal crack only or circumferential crack only on the shaft dynamic response are studied. The results are then extended when both of these cracks are present in the shaft. These cracks could be at a distance from each other or simultaneously be present in a cross section, such as shown in Fig. 4(b) . Experimental investigations have shown that longitudinal crack forms first in a shaft subjected to cyclic torsion followed by formation of the circumferential crack. These cracks may eventually interact as shown in Fig. 1  [19-23 ].
Results and Discussions

Longitudinal Crack
Only. The effects of crack length and depth and crack surface interactions on the first resonance frequency are presented. The results could be used in detecting crack depth and its location in the shaft.
Crack Length and Depth.
Assuming the longitudinal crack is located in the middle of the shaft and crack surface interactions are minimal (i.e., g L ¼ 0), MATLAB-based codes were developed to analyze the dynamic response of the cracked shaft. Figure 5 shows the effect of crack length and depth on the first resonance frequency. The results indicate that both crack length and crack depth could have a significant effect on the first resonance frequency of the shaft. For a small crack depth ðC L =R 0:2Þ, the longitudinal crack length has apparently negligible effect on the shaft first resonance frequency. This is even true if the entire shaft is cracked longitudinally. The effect of crack depth is more pronounced when C L =R 0:3. Moreover, with a small crack length ðl L =L 0:1Þ, longitudinal crack does not change the shaft resonance frequency significantly unless C L =R 0:6.
Crack Surface
Interactions. The effect of crack surface interactions is taken into account by considering energy loss factor term in the shaft torsional rigidity. Figure 6(a) shows the effects of the crack surface interactions on the peak response frequency.
The results indicate that for a significant energy loss between longitudinal crack surfaces, there is no identifiable frequency where peak response occurs. This is analogues to the response of a single degree of freedom system with a high damping ratio. Furthermore, Fig. 6 (b) shows for severe crack surface interactions, the peak response of the shaft approaches to that of the uncracked shaft. For C L =R 0:6 and a ¼ 0:9, the peak response frequency of the cracked shaft is the same as that of the uncracked shaft. Moreover, if C L =R 0:6 and a ¼ 0:9, the cracked shaft could even become stiffer than the uncracked shaft and its peak response frequency could be as high as 1.2 times of that of the uncracked shaft.
However, Fig. 6 (c) illustrates for small crack surface interactions when 0 a 0:1, the peak response of the cracked shaft is not significantly altered from that of the uncracked shaft. As mentioned before, for the same crack depth, energy loss factor of a circumferential crack is greater than that of a longitudinal crack. Our analysis in Sec. 2.2 showed that the loss factor for a longitudinal crack cannot be higher than 11 for typical torsional loads while the corresponding loss factor value for circumferential cracks could be as high as 50 for the same crack depth size. However, small energy loss in the longitudinal crack region can have significant effects on the dynamic response of the shaft since its effects are more pronounced over much larger longitudinal crack along the shaft. Assuming the crack suraface interactions are minimal (i.e., g L ¼ 0), the first mode shape of a shaft with a longitudinal crack located at its midsection is depicted in Fig. 7(a) . The results indicate that mode shapes are not significantly altered by the presence of a longitudinal crack especially if the crack depth is small. In contrast to the mode shape, the slope of the mode shape could be used as a sensitive parameter to find the location of the longitudinal crack in a shaft, Fig. 7(b) .
Circumferential Crack
Only. The effects of the circumferential crack depth and location and crack surface interactions on the dynamic response of the shaft are investigated.
Crack Depth and Location.
Assuming the crack suraface interactions are minimal (i.e., g C ¼ 0), MATLAB-based codes were developed to analyze the dynamic response of the cracked shaft. Figures 8(a) and 8(b) show the effect of crack depth and location on the shaft resonance frequency. Results indicate that both crack depth and location could significantly affect the shaft resonance frequency. As the crack gets closer to the shaft free end its effect on the first resonance frequency becomes less pronounced. For X c =L ¼ 0:9 and C c =R 0:75, the circumferential crack has a negligible effect on the shaft resonance frequency. The results also indicate that for C c =R 0:3., the shaft resonance frequency is very close to that of the uncracked shaft independent of crack location. Furthermore, for circumferential crack with crack depth of C c =R 0:9, the natural frequency of the shaft is not affected by the crack location for cracks located at the distance of X c =L 0:5 and the shaft resonance frequency is between 10% and 15% of that of uncracked shaft. The first resonance frequency of the circumferential cracked shafts obtained in this investigation is in close agreement with those obtained by Dimarogonas, and Massouros [1] . Figure 9(a) shows the effects of the crack surface interactions on the frequency response of a shaft with a circumferential crack. The frequency and amplitude where the peak response occurs significantly depend on the crack surface interactions. It is notable that for severe crack surface interactions, the shaft resonance frequency approaches the natural frequency of the uncracked shaft. As shown in Fig. 9(b) , for g C ! 6:5 and C C =R 0:7 the resonance frequency of the cracked shaft is very close to that of the uncracked shaft and it is very little dependent on the crack depth. For C C =R 0:3, the effect of the crack surface interactions is negligible; however, for 0:5 C C =R 0:7, the effect of crack surface interactions is significant when g C 5. In the case that the crack is very deep (i.e., C C =R ! 0:9), even severe crack surface interactions cannot compensate the loss of the shaft stiffness. For these cases, the shaft peak response frequency is only about 40% of uncracked shaft when g c ¼ 20.
Crack Surface Interactions.
Simultaneous Longitudinal and Circumferential
Cracks. Assuming crack surface interactions are minimal (i.e., g L ¼ 0, g c ¼ 0), Dynamic response of a shaft with both longitudinal and circumferential cracks is investigated. For simplicity it is assumed that entire shaft is cracked longitudinally (i.e., l L =L ¼ 1) which is plausible given the fact that longitudinal crack grows much faster along the shaft than a circumferential crack. The effects of longitudinal crack depth, circumferential crack depth and its location on the dynamic response of the cracked shaft are presented in Fig. 10 . The results show the resonance frequency of a shaft with both longitudinal and circumferential cracks may be little affected by the presence of the circumferential crack when Fig. 7 (a) First mode shape of a shaft with a longitudinal crack and (b) first derivate of the first mode shape with respect to position Fig. 8 (a) The effects of circumferential crack depth on the shaft first resonance frequency for various crack locations and (b) the effects of circumferential crack location on the shaft first resonance frequency for various crack depth C C =R 0:3. The shaft resonance frequency apparently is governed by the presence of the longitudinal crack for any circumferential crack location. The effect of the circumferential crack location and its depth is more pronounced when C C =R 0:3. For C C =R 0:9, longitudinal crack does not have a significant effect on the shaft resonance frequency compared to that of a shaft with only a circumferential crack. However, as the circumferential crack location moves toward the free end of the shaft, the effect of the longitudinal crack becomes more pronounced.
Conclusions
Longitudinal and circumferential cracks often form in turbo generator shafts under cyclic torsion. The presence of such cracks could significantly impact the shaft dynamic response. A parametric study was carried out to understand the effect of these cracks on the shaft resonance frequency. Frequency response of a longitudinally cracked shaft was investigated by modeling the cracked section as a shaft with a reduced torsional rigidity. A correction factor was defined as the torsional rigidity of the cracked shaft to that of the uncracked shaft. The torsional rigidity correction factor of the shaft was found to be just a function of crack depth to the shaft radius. The effect of the crack surface interactions was taken into the consideration and was found to be very small for crack depths less than 20% of the shaft radius. The results show that the resonance frequency of the shaft may be little affected by the presence of a longitudinal crack when C L =R 0:2 even when the Fig. 9 (a) Effects of energy loss factor on the frequency response of a shaft with a circumferential crack and (b) effects of the energy loss factor of a circumferential crack on the shaft first resonance frequency for different crack depth entire shaft is cracked. The effect of the longitudinal crack on the shaft peak response frequency is more pronounced when C L =R 0:2. The effect of the crack surface interactions of a longitudinal crack in a shaft on the peak response frequency is also investigated. For small crack surface interactions, g L 1:2, the effect of the crack surface interactions could be ignored in the dynamic analysis of the shaft for any crack depth. The results also show that the peak response frequency approaches or may exceed that of uncracked shaft for severe crack surface interactions. The circumferentially cracked section was modeled as a torsional spring connecting two solid shafts. The torsional spring constant and crack surface interactions energy loss were obtained using fracture mechanics. The results show that circumferential crack depth and location and energy loss factor are important parameters affecting the dynamic response of the shaft. The effect of circumferential crack location on the resonance frequency of the shaft is more pronounced for crack length of C c =R ! 0:3. For severe crack surface interactions, the peak response frequency of the shaft approaches that of the uncracked shaft but in contrast to the longitudinal crack, it never exceeds that. The study of both circumferential and longitudinal cracks on the shaft resonance frequency shows that the circumferential crack may not have a significant effect on the shaft resonance frequency for C c =R ! 0:3 and the resonance frequency may be governed just by the longitudinal crack in this case. However, for C c =R ! 0:9, the circumferential crack plays a significant role and the effect of the longitudinal crack on the shaft resonance frequency could be ignored.
